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This paper treats the relationships between multiproduct LP-models and account- 
ing principles. It shows how an LP-formulation should be adapted to the needs 
of financial analysts, and how ancillary cause-and-effect relationships can be 
formulated for costing or recompensing purposes. 
A more fully expressed mathematical definition of equilibrium between supplies 
and demands of an intermediate product is introduced. It relates the unit value 
of an intermediate product to one determinate inflowing or onflowing product 
stream, with a specific volume. This makes decomposition techniques practicable 
for large decentralized organizations. 
Product values and/or their corresponding inflowing or onflowing product streams, 
which are called linking streams, are different for different purposes of 
accounting or optimization. So are the components of costs and revenues to be 
reallocated. 
1. INTRODUCTION. 
Financial appraisals of business trans- 
actions involve the reallocation of money 
values from one product stream to another, 
e.g. from an input stream of raw material 
to an output stream of end product, or the 
other way around. Many of these reallocations 
must find their justification in numerical 
relations that correspond with the algebraic 
constraints in time-honoured linear program- 
ming models. I made this observation back in 
1964, at the occasion of an internationalcon- 
ference of Shell operational research workers, 
which1 attendedas an engineer without profes- 
sional standing in the realms of mathematics 
and accounting (l,Z).Ipredicted at the time 
that linear programming techniques would be- 
come powerful tools for financial analystsin 
the petroleum industry,indispensable for the 
purposesof costingoilproducts, and recompen- 
sing oil production factors.This prediction 
has not come true so far. NO post-optimalcom- 
puter routines have been developed to make 
costing and recompensing exercisespracticable 
in large organizations. In fact most everyone 
continues to believe that there is hardly 
ever an indisputable basis for the distribu- 
tion of costs over a set of joint products, 
or for the distribution of earnings over a 
set of profit centres (3,4,5,6). The present 
paper is intended to show that reallocations 
of money values from one division to another 
need not be arbitrary at all, not even when 
such reallocations are made for the purpose 
of costing or recomnensing instead of 
scheduling. It will be shown also that 
divisional managers can ascertain for them- 
selves, that a particular set of reallocations 
leads to operating levels, or costs, or 
returns, which are commensurate with the 
position of the organization as a whole. 
2. STARTING POINTS. 
2.1. THE CONCEPT OF VALUE IPI MODEL BUILDING. 
Value is a dual concept, in the sense that 
a distinction can be made between benefit 
value and sacrifice value (7). In this paper 
I shall use the word value in a neutral 
sense, to describe any money amount directly 
OWceabLe (in.the view of accountants) to a 
specific volume of product that 'flows' 
within a given accounting period from one 
point in a production system to another. Both 
goods and services are considered products. 
A further qualification is that values are 
additive, by giving benefit values a positive 
algebraic sign, and sacrifice values a 
negative one. All costs and revenues in an 
accounting period, whether fixed or variable, 
are treated as money values, provided that 
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they are directly traceable to a historic, 
contemporary or prospective product flow. It 
goes without saying, however, that some com- 
ponents of value might be irrelevant for the 
purpose of a particular exercise of sched- 
uling, costing or recompensing. Components 
of fixed value are irrelevant in scheduling 
exercises, but they may be relevant in cost- 
ing or recompensing exercises, depending on 
the question whether these exercises must 
reflect long term or short term aspects of a 
given schedule of operations. 
This paper is not concerned with the ques- 
tion how the results of different exercises, 
with the same model for the same accounting 
period, can be integrated into managerial 
decisions on planning or pricing. I have my 
doubts about procedures that are designed to 
result into 'optimal' decisions: In a mathe- 
matical sense a scheduling exercise results 
into optimal volumes of product flow within 
assun& limits of feasibility. However, a 
subsequent costing or recompensing exercise 
might make it desirable to repeat the sched- 
uling exercise with revised sets of input 
values and feasibility limits. In other 
words, linear programming models are in my 
opinion descriptive rather than normative. 
2.2. REALLOCATIONS OF VALUE WITHIN 
INDIVISIBLE PRODUCTION UNITS. 
The validity of an accounting structure in 
a large and complex organization must follow 
from the fact the correct reallocations are 
made within the smallest possible subunits 
of the organization. So let us first specify 
what reallocations must be considered correct 
within a production unit which is indivisible 
except that it has direct input from external 
acquisition markets, and direct output to 
external disposal markets. Figures 1 to 3 
show examples of 'flow diagrams' correspond- 
ing to such indivisible production units 
uifil0.K L ;bmctLm?s of product streams. 
Fig. 1. An indivisibZe production unit, i.e. 
aithout junct-ares of product streams. 
Figure 1 represents a processing plant with 
the following characteristics: 
9 
units of input are processed into 
x3 
units of output and this takes up 
x2 units of time on the processing plant. 
The levels of these 3 product streams are 
uniquely defined by choosing the level of 
any one of them. This means by definition 
that the production sy::tem has one r:'-;rrcc c;i' 
fm:tdom. It means that any one of the three 
product streams, represented by an arrow in 
the flow diagram, might be acceptable to a 
financial analyst as a calculation object, 
provided it has a rl::?iJ'iii measure. In other 
words, the moneyvalues of the other two 
product flows may be reallocated to the cal- 
culation object, regardless of the question 
whether these money values are of the variable 
or the fixed type. When e.g. the input stream 
x1 
is cizosen as calculation object, and it 
is &~7&d to give this stream 
a level of x 1* product units, 
then the flow levels of x 
2 
and x 
3 
are uniquely defined by numerical relations 
that are t~chnicall~j ~~ecessar~g: 
x2 
= a2x1* and 
x3 
= a3x1* 
These ccdse-ad-e_f_fei'ect re%nt7'on::i~ips form 
the economic basis for 
the reallocation of money values to xl*. 
The reallocation itself can be done a%ge- 
hrzioo37u in the following manner: The 
initial values of the product streams x 
2 
and 
x3 
that we wish to reallocate to x * 
1 
are expressed per unit of the corresponding 
product. 
Let these unit money values be c2 and c3, 
so that the aggregate value to be reallocated 
is: 
F = c2x2 + c3x3 
with the proviso that the levels of the flows 
x2 
and x 
3 
are defined by the equations: 
(X 2 
= a2x1), (x 
3 
=ax) and (x 
31 1 
=x l*). 
By algebraic substitution we obtain: 
F= (ac 
2 2 
+ac)x 
33 1*. 
The rea~kxzted value of x1* is 
(a2C2 
+ a3c3) per unit of product, 
and this unit value is additive to 
the iw;tiul unit value of x *. 
1 
Initial values are commonly called 'direct 
values', whereas the reallocated values are 
called 'indirect'. For convenience I call 
their algebraic sum the net mGney VCXLU~ which, 
naturally, can be expressed per unit of pro- 
duct or for an aggreqate volume of product 
flow. 
The notion of freedom to make an indepf?n- 
dent decision to the e~~f~?ct hat 
the level of the product flow x1 in the 
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in the accounting period under review 
should be x 
1* 
units, 
is not the only requirement which makes 
the choice of x1* as calculation object 
acceptable to a financial analyst. It must 
be considered also, whether a particular 
;;~rzpG.;e is served by reallocating certain 
types and increments of direct value to 
the calculation object in question. 
Reallocating exercises can be divided 
into 3 categories: scheduling, costing,and 
(what I call) recompensing. In scheduling 
the reallocation must serve the purpose of 
~eri~"g,ing whether a particular schedule is 
the cptin;a~ one among the schedules that 
are considered feasible. Each calculation 
object should represent a potential strain 
or bottleneck in the production system, 
and money values of the variable type only 
snould be considered relevant. A positive 
(variable) net money value Proves optimality 
if the level of flow of the calculation 
object is chosen at its upper bound, where- 
as a negative net money value proves optimal- 
ity if the flow level is chosen at its lower 
bound. 
Costing is a reallocating exercise with 
the purpose of meas~rir.~ the sacrifice value 
of products made or delivered. HOW the 
measures of these sacrifice values affect 
decisions yet to be made, is not discussed 
in this Paper, although this affects the 
question which types of direct values are 
to be reallocated. Suffice it that exclus- 
ively autJ?ows of product, including out- 
flows into stock, can serve as calculation 
objects in a costing exercise. Reallocations 
are based on a r,otiGrz which need not be in 
accordance with reality in the accounting 
period under review. The notion is that 
d~?cisions are or were made about the levels 
of the product outflows chosen as calculation 
objects, that such decisions can or could 
be altered to some extent independent2~ of 
each other, and that the levels of all 
other product flows in the schedule follow 
or followed uniquely from technical and/or 
economic considerations. 
Recompensing is a reallocating exercise 
with the purpose of measuring earnings on 
investments. Reallocations are based on the 
not%on that investments made with a view 
to the acquisition and disposal of products, 
are concentrated in investment centres, that 
in these centres independent decisions can 
be made about the levels of certain product 
flows chosen as calculation objects, and 
that levels of all other product flows in 
the accounting period follow or followed from 
numerical relations that are or were either 
technically or economically necessary. There 
is no difference in technique between costing 
and recompensing. Both suffer from the com- 
plexities of co-production and excessive 
degrees of freedom, which are treated in 
this paper. 
I turn now to the flow diagram of figure 2 
It represents a production system with a 
main product and a by-Product, in fixed pro- 
portion. Again there is only one degree of 
freedom, so that only one calculation object 
can be chosen. The reallocation of money 
values is valid -but not necessarily useful- 
regardless of the question which Product 
stream is chosen as calculation object. 
The blending sgsiem portrayed by the flow 
diaqram of figure 3 has 4 degrees of freedom 
because: by choosing the levels of 4 and no 
less than 4 ofthe 6 prod;ict s t2gems shown in 
the diagram 
(e.g. zl*, z2*, z3* and z4*), 
the remaining two flow levels are uniquely 
defined. In our example the choice of 4 
levels of Product flow is not arbitrary, 
however, because the blending operation is 
supposed to be subject to a Pair of product 
quality constraints of the following type: 
PIZl + l?*=2 + P3Z3 + P4Z4 b 26 
q1=1 + q2s2 + q3s3 + q4s4 i 26 
with Pi' qi 2 0. 
It is further supposed in our example that 
it is econamicu~ly necessary, in the account- 
ing period under review, to accept minimum 
product qualities for 
the product stream z6 with level z6*. 
This means that the 6 product streams in 
figure 3 hang together actually by 4 instead 
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of 2 algebraic equations, namely 2 oroduct- 
quality equations, 1 speed-of-blending equa- 
tion, and 1 material-balance equation: 
z 
6 
= PIZl + P2Z2 + P3Z3 + p4=4 
% = qlzl + q2z2 + 9323 + q4z* 
z5 
= LZ 
6 
'6 = slzl + s2z2 + s3z3 
+ 547.4. 
As figure 3 is meant to imply that none of 
the 6 product streams have a zero level in 
the accounting period under review, we shall 
say -by definition- that the schedule forthe 
accounting period has 2 degrees of freedom, 
whereas the syctem has 4 degrees of freedom. 
Should it be necessary in another accounting 
period, for technical or economic reasons, 
to eliminate one of the 4 input streams, 
while maintaining the minimum qualities of 
z , the schedquk would have only one degree 
o$ freedom left over. 
Let us assume in our example that the 
schc/luLe has indeed 2 degrees of freedom, 
and that z * and z * are the levels 
1 2 
of the product streams chosen as calculation 
objects for a reallocating exercise. These 
choices would be acceptable for the purpose 
of reallocating the money values of the 
remaining 4 product streams to them, because 
the levels of these 4 product streams are 
uniquely defined, by equations of the 
following type: 
=3 = 
-a31zl* - a32z2* 
z4 = 
-a41zl* - a427.2* 
z5 = 
-aslzl* - a52z2* 
=6 = 
-a61zl* - a62.z2* 
(-- < aij < + m) 
If pi are the direct money values of zi, 
expressed per unit of product, (i = 3,4,5,6), 
it follows from algebraic substitution that 
the reallocated values uj per unit of the 
products z; are 
6' 
v. = .c 
1 1=3 
- a..u.; 
11 1 
(j = 1,2). 
Like in the example of figure 1, these re- 
allocations find their ecorLomic j'usti~icati0n 
in notional cause-and-effect relation- 
ships. The reallocations retain their 
economic validity when one chooses 
a zero level for either z . 
1 
or z 
2' 
all money values would be absorbed by the 
nonzero calculation object. The reallocations 
would be invalid in an economic sense (al- 
though valid mathematically) when 
one of the streams z 
3 
and z 
4 
has zero level, because in such a schedule 
-with only one degree of freedom- one cannot 
choose nonzero levels for z and z indepen- 
dently. 
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2.3. INTERDIVISIONAL REALLOCATIONS OF VALUE. 
I shall use as starting point for this 
study, that financial analysts accept only 
one type of justification for interdivisional 
reallocations or 'transfers' of money value, 
when some indivisible subunits of a complex 
production system provide other ones with 
a particular product at a point of transfer: 
the existence of a notional cause-and-effect 
relationship between the various supply and 
demand streams at the point of transfer. 
The directions in which money values are 
reallocated bears no relation to the direc- 
tion of the various productstreams across the 
transfer point, nor to the opposite direction 
in which real or notional interdivisional 
payments are made for transfers of product. 
The direction of reallocation of money value 
depends exclusively on the !,o:;ition of the 
cuzcu lution ob ;ectc v of the integr*a% system, 
which are in the end the recipients of the 
values 'transferred'. 
Let me explain the transfer of money value 
with reference to figure 4. A product X 
is supplied at point P by divisions A and 
B to the divisions C, D and E. 
The arrows XA to XE 
represent the interdivisional supply and 
demand streams of indivisible subunits of 
these divisions. It is assumed that 
the algebraic objects xA* to xE* 
are for the integral schedule no calculation 
objects themselves; hence each of the levels 
of interdivisional supply or demand, 
XA 
* to x * 
E' 
is uniquely defined 
by one or more of the measures of the cal- 
culation objects of the integral system, not 
necessarily within its own division. For 
simplicity it is assumed also that the same 
unit of measure is used for the five 
product streams XA to xE, 
and that there are no interdivisional rela- 
tions between any product flows, in addition 
to the material-balance equation for point P: 
"A 
+x =x +x +x 
B C D E' 
Starting point of my study is that under 
such circumstances only one product stream 
can act at point P as transferrer of money 
value, because the level of only one stream 
is uniquely defined by those of the other 
4 streams. I call it the Linking stream. 
In figure 4 I have implied that 
it is the flow x * 
A' 
by putting a 'clamp' on the corresponding 
arrow. This portrays the fact that this 
product stream acquires 
a fixed bound x " 
A 
when the divisions -and their algebraic 
models- are split off from each other at 
point P: 
The level of xA becomes obligatory 
as a result of the interdivisional cause- 
and-effect relationship: 
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XA= --x *+ x * + x * + x * 
B C D E 
The four quantities in the right-hand side 
are in turn uniquely defined by the measures 
of the calculation objects in their respective 
divisions -alwaysprovidedthat the five 
divisions are self-contained, and that they 
conduct interdivisional trade in only one 
product, the product X. The linking stream 
is itself an extra calculation object in 
division A, when this division is considered 
in isolation of the others. Supposing that 
the linking stream xA absorbs 
in this isolated condition 
cx 
A 
* units of money value, 
this amount of value -which has in this case 
presumably a negative algebraic sign -is 
passed on to the other divisions in portions: 
(_CX B*), (+cxco), (+cxDx) and (+cxEr). 
Thus the net money value of x * 
A 
is effectively zero, and so are in the end 
the net money values of x 
B 
* to xE*: 
The calculation objects in the integral 
schedule are by definition the only ones 
whose net money values can differ from zero. 
Again by definition I call c the flow vaZue 
per unit of flow at point P in figure 4, or 
at any point on one of the 5 product streams 
xA to XE. 
Fig. 5. Interdivisional transfer of two 
intemediatc products. 
Some complications arise when interdiv- 
isional trade is conducted in two or more 
intermediate products, e.g. the produck X 
and Y in figure 5, being transferred at 
points P and Q respectively: 
If x * and y 
A E 
* make up a set 
of linking streams, the measure of each non- 
linking stream might be no lonqer uniquely 
defined by the calculation objects of the 
integral system that belong to its own 
division: The measure of 
yA 
might be affected by x* , 
A 
whereas the measure of 
XE 
is then affected y *. 
E 
If this is the case the product streams 
* ;: 
YA 
and x 
E 
in figure 5 
might qualify as a set of linking streams 
wtichis alternative to the set x ' and y 
A E 
t 
Fig. 6. The value being transSerred is a 
marginaZ surplus value. 
It is noteworthy that the flow value per 
unit of flow is essentially a 'marginal szu- 
p2u.s value' . This is best explained with 
reference to figure 6, which is identical 
to 5 except that in the accounting period 
under review 
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a mi-nute surplus of x * o product units 
is formed. This surplus product stream does 
not belong to any of the divisions A to E, 
but iiz is nevertheless for the firm as a 
whole an additional requirement, to be ac- 
cepted as calculation object without alter- 
ing the measures of the other calculation 
objects. It is inherent to the economic 
concept of marginal value, that such an 
additional requirement can be met in one 
specific manner only, which has marginal 
effect on the levels of one or more of 
the product flows xA to xE. 
Supposing that XA and x are affected 
E 
(sothatx*=Ax*- ax* 
0 A E )' 
both of these product streams qualify as 
linking object, though only one of them 
can serve accordingly. In such events it 
might be convenient to choose 
the one with the highest level, say xA. 
The numerical cause-and-effect relation- 
ship between the levels of the various 
product flows becomes then: 
x’A = _XB* + xc* + XD* + xy + x0* 
The aggregate sacrifice value now being 
allocated in division A to the flow x' * 
A 
amounts to cx' * 
A 
units of money value. 
The portion transferred to x * 
0 
amounts to cx * units. 0 
This proves the point I made: c is in effect 
the marginal sacrifice value per unit of 
product m1~~7.x~. By reversing its (negative) 
algebraic sign, it becomes the benefit value 
per unit of a mi-nute extra-divisional inflow 
of product at point P; this becomes evident 
by reversing 
the direction of the arrow x * 
0 
in figure 6, and repeating the argumenta- 
tion. In view of the unique way in which 
a mi-nute surplus of x * 
0 
units of product 
can be made, it is evident also that c -the 
'marginal surplus value' as well as the 
'flow value per unit of flow'- is indepen- 
dent of the choice of a linking object, if 
such a choice happens to exist. 
Other suitable names for c are 'transfer 
value' or 'notional transfer price'. These 
names reflect the fact that the correct 
transfer of money value 
by the product stream xA* 
can be derived by imagining that the 
demanders-of-product pay a unit price c to 
their suppliers. Proof: 
The flow x * 
A 
absorbs within division A 
a money value of cx 
A 
* units, 
which in practice has a negative algebraic 
sign. By the introduction of notional inter- 
divisional payments for supplies received, 
we add (-cx 
A*) 
units of money value 
to the supply stream xA*, 
so that this stream ends up correctly with 
zero net money value, 
whereas the other streams x *tax* 
B E 
acquire the correct values 
(-cxB*), (+cxc*), (+cxD”) and (+cxE"). 
I do not favour the terms 'shadow price' 
01 'equilibrium price', for three reasons. 
Firstly because I have long been accustomed 
to the thoughts that a 'price' -unless it is 
called 'notional'- is per definition negoti- 
able, whereas a 'value' is based on account- 
ing logic (8, 9, 10, 11). Secondly because 
these terms are usually associated with an 
ol,!irna~ schedule obtained by a lineair pro- 
gramming routine, whereas the above dis- 
cussion applies more generally to the 
valuation of product streams in any ::~UUL 
schedule, based on -r,otior,al cause-and-effect 
relationships (The question whether or not 
all of these relations are lineair, might 
perhaps be irrelevant). Thirdly because 
scheduling models must be carefully designed 
to produce CO~YCL'Z notional transfer prices 
as well as the correct optimal levels of 
product streams. Some textbooks give erro- 
neous examples.(4), p. 735/738 and (121, 
p. 62/64). 
The new term 'flow value per unit of flow' 
is meant to emphasize reference to a particu- 
lar linking stream with a known level of 
flow, without implying proportionality. No 
'flow value' -or 'equilibrium value' or 
'transfer value'- should ever be quoted with- 
out identifying the corresponding linking 
stream and quoting its level. The term 
'equilibrium value' puts emphasis on the 
existence of economic equilibrium between 
the internal supply and demand streams at 
the point of transfer in question. The ex- 
istence thereof can be checked by assuming 
slight changes in the flow value at this 
transfer point, while cancelling the fixed 
bound on the corresponding linking stream. 
For the purpose of this equilibrium check 
the transfer values and linking objects at 
other points of interdivisional transfer 
should be kept fixed. 
The check is applicable to costing and 
recompensing as well as scheduling exercises, 
and is illustrated in figures 7 and 8. Figure 
7 portrays the interdivisional equilibrium 
1Price 
I.. 
,* -g. 7. Internal equiiibrium. 
corresponding to figures 4 and 5, whereas 
figure 8 portrays the classic economic theory 
about price forming in the market place (13). 
Price 
t \ SUPPlY 
I i _Volume 
2.4. DECENTRALIZATION AND CORPORATE ACCOUNT- 
ING MEASUREMENTS. 
I should like to close the discussion of 
starting points for this paper with some 
remarks on decentralization and decomposition 
My study concerns accounting measurements, 
which are by their very nature based on 
notional rather than real decisions. As I 
said already, it is not concerned with the 
processing of real managerial decisions 
that might be based on a set of scheduling, 
costing and recompensing exercises with a 
specific production schedule of a past, 
current or future accounting period. For this 
reason I shall not go into the real or 
imaginary lack of goal congruence between 
divisional and corporate managers. I take for 
granted that divisional and corporate con-. 
trollers agree with each other on the main 
specifications of a particular accounting 
exercise: the types of calculation objects, 
and the types of costs and revenues to be 
reallocated to these calculation objects. In 
the event that -for one reason or another- 
some divisions are separately incorporated, 
so that :<rxJoi&? pr>iceo must be paid for inter- 
divisional trade, I will assume for simplicity 
that these prices are not to be entered into 
the models used for overall scheduling, cost- 
ing and recompensing exercises. I consider 
pricing as just one of the problems whose 
solving must be guided by the w:::~li:: of 
such exercises. 
In this context the essence of decentrali- 
zation is that division heads are directly 
responsible for these reallocation exercises, 
and can proof to themselves whether the re- 
allocations give a valid picture of economic 
conditions from an overall corporate point of 
view. This proof concerns in effect the valid- 
idy of the transfer values and linking streams 
used as input to divisional reallocating exe??- 
cises: A check at the points of transfer must 
prove, that there is an economic equilibrium 
between theinterdivisional suppliesanddemands. 
In a mathematical sense one can say that 
the material balance equation at a point of 
transfer is a constraint for the production 
schedule as a whole, but no longer a con- 
straint when the divisions do their own re- 
allocating exercises. Generally speaking, the 
overall constraint is replaced for the separ- 
ate divisions by two elements: firstly a 
notionaltransfer price that is equally appli- 
cable to all divisions, and secondly a volume 
of flow for just one division, whose share in 
the internal trade happens to be the linking 
stream, which sets the notional transfer 
price. In making this general statement I 
have ignored the occurrence of degenerate 
conditions, when transfer values and linking 
streams must be corroborated by '~71nr,ir.c O/J- 
teeis': product streams whose directly trace- 
able value should be amended by a small bonus 
or penalty (as the case may be) when div- 
isionalreallocating exercises are made. 
When divisional lineair programming models 
are reasonably small, the simplest way of 
determining transfer values and linking 
streams is, to combine the divisional models 
into an overall 'Zir,ked model’, through the 
addition of the material balance equations 
for the points of transfer. The ouq?ut from 
this linked model should consist of nothing 
else but the flow values and levels of the 
linking streams: It would be contrary to the 
principles of decentralization, and to the 
corresponding spread of responsibilities in 
the decision making process, if the central 
controller concerned himself with other re- 
sults obtainable from this linked model; 
these are for each divisional controller to 
work out for himself, through the use of 
his own divisional model. 
The divisional models of a multinational 
oil company would be too large to be combined 
into a linked model. What is needed is a de- 
composition technique, but experience has 
shown that these are notoriously slow and 
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impractical when applied to large and complex 
models. These deficiencies result in my opin- 
ion from the failure to associate transfer 
values with corresponding linking streams. 
I have designed a 'balancing pmxmhre' 
which can be expected to produce integral 
solutions in just one or two rounds of 
information exchange, even when the division- 
almodelscontain hundreds of constraints. 
Instead of combining the initial matrices 
of divisional models into a 'linked model', 
one compresses the end matrices of the 
divisional models, after a first run: 
numerous rows are omitted, and numerous 
columns are buried into the right-hand 
side. The logic for compressing a matrix is 
designed to contain heuristic as well as 
algoristic steps, which are not discussed 
in this paper (14, 15). The compressed end 
matrices are then combined into a 'linking 
model', whose only output consists of values 
and levels of linking streams at points of 
transfer. This output is used as input to 
the divisional models, which might then 
produce a 'balanced solution' in the sense 
that economic equilibrium exists. If not, 
the logic for compressing models is gone 
into afresh, for the purpose of making a new 
linking model with additional variables. 
With a bit of practical experience,this new 
linking model ought to produce the desired 
'balanced' transfer values and linking 
streams. For the application of this tech- 
nique to large models, one would need post- 
optimal LP computer-routines (which do not 
exist yet) -for the identification of linking 
streams and for the compression of end 
matrices of divisional models. Computer 
routines are needed as well in order to deal 
efficiently with the fundamental vagaries 
of costing and recompensing, which I turn 
to now. 
3. NEW COSTING AND RECOMPENSING CONCEPTS. 
3.1. THE CONCEPTS OF ANCILLARY OBJECTS AND 
CORRESPONDING ACCOUNTING RELATIONS. 
Costing and recompensing exercises have in 
common that the number of calculation objects 
-outflows of productsto be costed, or onflows 
of products to be recompensed- may differ 
from the degrees of freedom in a production 
schedule. When the degrees are not enough, 
there is need to restrict the reallocation 
to 'main' calculation objects which absorb 
the money values of 'by objects', along with 
the values of other product flows.(The 
customary terms in costing are 'main prod- 
ducts' and 'by-products'). Conversely, when 
the degees of freedom in a production sched- 
ule are too many, there is need to appoint 
-in a logical manner- anciZZary caZcuZation 
objects, which can serve alongside the main 
calculation objects as provisional recipients 
of value. The values provisionally absorbed 
by the ancillary objects are then to be re- 
distributed over ad;;aceni product flows 
-on the basis of a newly formulated mxm.mt- 
ing relation- SO that as yet these values 
are onwarded to the main calculation objects 
(16). 
An accounting relation should express a 
numerical relation between flow levels which 
is considered a logical conseq~encc -on 
economic grounds- of the choice of main 
calculation objects. It goes without saying 
that this choice is to some extent subjective: 
one is free to express main interest in an 
assortment of calculation objects of his 
own choosing. However, this assortment must 
be consistent with the degrees of freedom 
of the production schedule, and with the 
possibilities -in practice very few- of 
formulating accounting relations which can 
be considered an economic consequence of 
notiona?, &cisio-7s to choose particular flow 
levels for the main calculation objects. 
The variables in an accounting relation 
must represent levels of&;:;:acentDroduct 
flows, in view of my premise about the 
validity of an accounting structure in a 
large and complex production system (section 
2.2 ). I postulate further that at least 
one of the variables in an accounting rela- 
tion must represent a product stream belonging 
to a 'reallocating channel' -of a (main) 
calculation object- as defined in section 3.4. 
When the variables in an accounting relation 
fail to belong to an indivisible subunit of 
the production system -which has by definition 
no internal junctures of product streams- I 
call the relation and its constituent ancil- 
lary object external. Otherwise it is internal. 
3.2. EXTERNAL ACCOUNTING RELATIONS. 
Let me use the pictorial flow diagrams of 
figures 9 and 10 for a discussion of two 
typical examples of accounting relations of 
the external type. 
The intra-system streams xA and yD 
are provided with a 'clamp' to indicate that 
they are the linking streams (which implies 
that their levels must be 'clamped down' 
when their divisions are split off from the 
other ones). It is understood that the 
linking streams are situated on the reallo- 
cating channels of one or more main calcula- 
tion objects in divisions C and F respectively. 
These objects are indicated in the diagrams 
by solid rectangular areas. The product 
flows chosen as ancillary calculation objects 
are 'weighted down' by a fat letter E, which 
stands for 'external'; they serve alongside 
the main calculation objects by usurping a 
degree of freedom of the integral schedule. 
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Fig. 9. ExternaZ anciZZarp object. 
Fig. 10. Another emmple 
Now in figure 9 it can be said, that 
the level of x 
C 
is caused by the choice 
of main calculation objects in its division 
C. In practice it may be evident also that 
the most economical way to supply XC* units 
of product to division C would be 
to choose the flow levels x * and x * units. 
A B 
In this event the supply stream x 
B is a logical choice as ancillary calcu ation ob- 
ject. The net money value that this object 
absorbs provisionally should be onwarded to 
the stream x . This can be accomplished on 
the basis ofCthe following numerical rela- 
tion: 
x- * 
XB 
=$&xc. 
C 
It is good practice, however, to use instead 
the following 'external accounting relation': 
xB 
* 
xB =pxA. 
A 
This formulation allows the model builder 
to use a potential surplus flow (x * = 0) 
0 
at point Q (as explained with reference to 
figure 6) for the purpose of measuring the 
resultant 'flow value per unit of the linking 
stream' flowing into a (transfer) point 
chosen anywhere on the arrow x . 
A similar discussion appliesCto figure 10, 
when the reallocation of noninVentoriaZ 
items of money values is at issue. These are 
by definition the types of money value which 
one wishes to exclude from the sacrifice 
values of inventories. 
This is achieved by choosing YE*, 
the increase of stock during the accounting 
period, as ancillary calculation object. 
Appropriate reallocation is performed 
by the external accounting relation: 
YE 
* 
YE =-YE. 
YF 
When the reallocation in figure 10 
concerns inventoriaZ types of money value, 
the stream y * into stock 
E 
should not be taken as an ancillary calcula- 
tion object, but as a main one alongside the 
main ones in division F. No accounting rela- 
tion is needed at all. 
Noteworthy is the general rule, applying 
to figure 9 as well as 10, that the two prod- 
uct streams used as variables in an external 
accounting relation are 'parallel' to each 
other, in the sense that they flow in the 
same direction with respect to the point of 
transfer. The external ancillary object be- 
comes for this point an extra linking stream, 
after the accounting relation in question is 
added to the material balance equation for 
this point. This is illustrated in figure 11. 
The dotted line that connects the flows yE 
and yF portrays the accounting relation be- 
tween them. It is the channel along which 
the ancillary linking stream yE passes its 
money value to YE. 
Fig. 11. External anciZ2ary object acting 
as linking stream. 
When an exercise of so-called dynamic pro- 
gramming is decomposed into exercises for 
successive accounting periods, the levels of 
buffer stocks in accounting periods act be- 
tween these periods as 'linking objects', 
with zero net money value. 
3.3. INTERNAL ANCILLARY OBJECTS. 
The figures 12 and 13 can serve to present 
two typical examples of interna accounting 
relations, which by definition are applicable 
to so-called indivisible sub-units of 
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production, subunits without internal junc- 
tures of product streams. The subunits in 
these figures are supposedly split off from 
an integral production scihedulc through the 
application of transfer values and linking 
streams. The latter are indicated by 'clamps' 
like in the previous diagrams; the one in 
figure 12 belongs to the reallocating channel 
of a main calculation object in the integral 
schedule (as defined in the next chapter), 
whereas the same is true of at least one 
of the linking objects in figure 13. The 
product streams which are 'weighted down' 
by a fat letter I, which stands for 'internal', 
are chosen as ancillary calculation objects 
in conjunction with the main ones. The pro- 
cessing schedule of figure 12 has 2 degrees 
of freedom, because it is supposed that the 
levels of 2 streams can be chosen indepen- 
dently of each other, within r.ot,ional ranges 
around the actual levels x l*, x2* and x3*. 
For similar reasons the blending schedule 
of figure 13 has 3 degrees of freedom; there 
are two active quality constraints of the 
type mentioned in section 2.2. This latter 
condition is picturized by two shaded areas 
of rectangular shape. The essential differ- 
ence between the two flow diagrams is that 
there is only one linking object in figure 
12, and more than one in figure 13. 
The reasoning in figure 12 goes as follows: 
the notional decision to choose particular 
main calculation objects with particular 
measures makes it technically necessary to 
produce 
an output of x 
3 
* units. 
To do this economically, it is necessary -in 
view of the limitations prevailing in the 
accounting period- to choose 
input levels of xl* and x2*units. 
Accordingly, it is illogical for x ' to 
1 
absorb a portion of the money value of x *; 
2 
the net money value so attained by x * should 
1 
be passed logically to x3*, for subsequent 
onwarding to the main calculation objects. 
This is achieved by the internal accounting 
relation 
x1 
* 
x1 = ;;T x3 
Such simple reasoning does not produce an 
accounting relation for the case of figure 13: 
The notional decisions taken in other div.- 
isions -regarding the assortment and measures 
of main calculation objects- 
call for input streams of x * and x * units. 
2 3 
These latter levels of flow make it 
economically necessary to choose 
the flow levels x ' 1 , x4*, x5* and x6*. 
It is thus logical that the net money value 
acquired by the product stream x * 
1 
should be passed on to x 
2 
' and x 3*' for 
onwarding to the main calculation objects, 
However,the question remains in which 
proportion the money value of xl* 
should be divided over x 
2 
* and x 
3 
*. 
I postulate that a logical split can be made 
by taking into account what money values 
of the ~u2u:n~& type are directly traceable 
to the flows x4*, x5* and x6"; 
these directly traceable values should in- 
clude the variable transfer values needed 
to remove the indivisible unit of figure 13 
from the integral system. 
Let the product streams xl, x4, x and x 
have the following directly traceab e ? Muv%~~ 
money values: u 
per unit of floi'respec lvely; and let the 
~4, p?,andp6 money units 
levels of the product streams x4, x and x 
5 6 be given by: 
x4 = 
-a41xl* - aq2x2* - a43x3 *_xd 
4 
*- , x5 = -a51xl' - a52x2x - a53x3 = x5% 
* * 
x6 = -a61X1 
- a62x2+ - as3x3* Z x6 
(-m < aij < +=)- 
I reason then as follows: The aggregate net 
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money value 
provisionally 
which amounts 
attained by x ' 
1' 
to x 
l*(? 
+ vl) money units, 
(vl : -a41u4 - a 51U5 - a61u6)' 
should be distributed over x **, x5" and x6* 
in proportion to the contributions that these 
product streams make to this aggregate net 
money value. These proportions are respect- 
ively: 
- a41p4 - a51u5 __L_ and - a61u6 
"1 v1 v1 
It is evident that distribution in these 
proportions is achieved by means of the 
following internal accounting relation: 
+41"4 x1 
* 
-a51u5 x1 
:: 
7 
=- 
v1 
.7X 
4 4 
+----.xX 
"1 x5 
5 
:,+ 
-a61116 x1 
+---.'X 
"1 x6 6 
End of reasoning. 
The ultimate redistribution of money values 
from x4, x5 and x6 to x2' and x3* 
requires no further numerical relationship. 
I use money values of the variable type 
in an internal accounting relation, even for 
the distribution of other types of values, 
because I feel that accounting relations 
should reflect the need for economic usage 
of production factors, and optimal usage 
is evident from reallocating exercises with 
money values of the variable type only. 
It is noteworthy that an inicrnaZ account- 
ing relation does not cause an extra linking 
stream at any point of transfer. Instead, 
the indivisible production unit in question 
acquires internally an additional active 
3.4. REALLOCATING CHANNELS FOR THE ONWARDING 
OF MONEY VALUES. 
In sections 2.2 and 2.3 I have used as 
starting point of this study that cause-and- 
effect relationships are accepted by finan- 
cial analysts as requisite justification 
for the reallocation of money values fromone 
product stream to another. I turn now to 
another aspect of allocation and realloca- 
tion: the notion that money values are 
embodied in the products flowing from one 
point to another (17). Apart from algebraic 
sign, the sacrifice value OS a product in- 
creases when it moves or is moved from one 
point to another, whereas its benefit value 
decreases. The same is true when a product 
is refined between one point in the produc- 
tion system and the next. Hence, when 
sacrifice values of production factors, and 
benefit values of end products, are reallo- 
cated to a product stream, which is somewhat 
arbitrarily chosen as calculation object, a 
financial analyst will look upon the reallo- 
cation as a gain or loss of value due to 
successive manufacture and movement of inter- 
mediate product. He will want to idt~t^;~~~ 
these successive processes and product 
streams, which I call reallocating channels, 
costing channels, or recompensing channels, 
as applicable. 
------7 
r-------l 
p-5$- 
L-----J L_______? 
Fig. 15. Corresponding reallocating channcZ 
Let me use the figures 14 and 15 to explain 
the essential properties of reallocating 
channels. Figure 14 is a flow diagram of the 
following production schedule: 
9 
* units of raw material are purified 
into x 
4 
* units of intermediate product, 
leaving x3 * units of debris. 
This operation takes up x2* units of time 
on the purifying plant, in the accounting 
period under review. The debris must be 
compressed into x * 
8 
units of waste product, 
before it can be disposed of; this takes up 
x7* 
units of compressor time. 
The intermediate product x * is worked up 
4 
to x * 
6 
units of end product, which 
requires x * 
5 
units of processing time. 
The levels of all product flows x 
1 
to x 
8 
are proportionate to each other, so that 
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the production system, as well as the par- 
ticular schedule under review, has only one 
degree of freedom. 
The product flow x5* - the time on the 
processing plant- is chosen as main calcula- 
tion object. This is picturized in figure 15 
by a solid rectangular block. The string of 
solid lines in figure 15 comprises the set of 
recompensing channels.The dots on these lines 
areimaginarypointsof transfer and the'damps' 
identify the corresponding linking streams.The 
position of a clamp with respect to the dot 
indicates the direction in which money values 
are transferred onwards along the channel. 
For wstir,g and recomt;ens?:?zJ exercises 
with complex production systems I postulate 
that the main calculation objects must be 
chosen -if need be by trial and error- such 
that their reallocating channels have the 
followinq minimum set of properties: 
The group of reallocating channels for 
a main calculation object contains at 
least one inflow of raw material from an 
external market and one outflow of end 
product to an external market. 
Each inflow of product into the system, 
and each outflow from it, belongs to a 
reallocating channel, or is itself a main 
or ancillary calculation object, or an 
inflow or outflow thereof. 
A notional increase of the measure of a 
particular main calculation object results 
into higher flow levels all along the 
corresponding group of reallocating chan- 
nels,although not necessarily in the same 
proportion. 
It is evident that the group of reallo- 
cating channels in figure 15 has these pro- 
perties. The figures 16, 17 and 18 are meant 
to show how these minimum properties can 
serve to produce a reallocating structure 
for an oil refinery, through the application 
of a linear model and of amplified techniques 
of linear programming. 
The refinery model used for the preparation 
of the flow schedule of figure 16 is a sim- 
plified one, to be sure, but it contains 
realistic data concerning available crudes 
and market demands for the four principal 
oil products: Petrol, Gasoil, Light fuel 
oil, and Heavy fuel oil. The intake of 
relatively little B-crude and the manufac- 
ture of relatively little Light distillate 
are unavoidable by-objects. The distiller 
output consists of Tops, Naphtha, Light 
gasoil, Heavy gasoil and Long residue, in 
fixed proportions. The platformer uses 
Naphtha as input, and produces fixed pro- 
portions of Butane, Light platformate, Heavy 
platformate and Platformer bottoms. The 
blending of Petrol is subject to a minimum 
octane number, and a maximum vapour pressure. 
Gasoil blending is subject to maximum sul- 
phur content, whereas the blending of Light 
and Heavy fuel oil is subject to maximum 
viscosities as well as maximum sulphur con- 
tents. These 7 blending constraints proved 
to be active in an ordinary scheduling 
exercise by the Simplex method, and this is 
portrayed by the dashed rectangular areas 
in figure 16. All the product streams shown 
in this figure have a nonzero level; unecon- 
omical applications -e.g. the blending of 
Naphtha into Petrol, or the mixing of A- 
crude into Refinery fuel- are ignored. 
Omitted also is the blending of some Heavy 
gasoil into Heavy fuel oil, which corresponds 
with a so-called alternative optimal basic 
solution, or -if so desired- a nonbasic 
optimal solution with an additional degree 
of freedom. The schedule correspondinq 
with the flow diagram of figure 16 has 8 
degrees of freedom. The reader can verify 
this point by cutting the integral flow 
diagram into a few reasonably small subsystems 
whose degrees are easily apparent from the 
diagram. The sum of the degrees thus 
apparent, minus the number of transfer points 
used to cut the subsystems loose from each 
other, equals the degrees of freedom of the 
integral system. 
The reallocating channels shown in figures 
17 and 18 require little comment. Postoptimal 
matrix transformations (as applied to the 
example in section 5 of this paper) prove 
that these channels have the 3 properties 
which I listed as minimum requirements. The 
various streams chosen as ancillary calcula- 
tion objects are adjacent to a reallocating 
channel, and can be dealt with therefore in 
the manners described in section 3.2 and 3.3. 
The reader can verify in figures 17 and18 that 
the linking streams take up the degrees of 
freedom in the various processing units and 
blending blocks. The resultant valuations of 
maincalculation objects arein no way suspect. 
4. MODEL FORMULATIONS FOR VALUATION PURPOSES. 
4.1. THE LOGIC OF LINEAR PROGRAMMING. 
A very general algebraic formulation of 
a linear programming problem is: Maximize 
the value function 
f = 1P.X. + IPiXi - qo 
jll i 
( 1 h j c n) and (n + 1) c i C (n + m) 
subject to m constraints of the type 
C a..x 
j 
ii j 
+ xi = b. 
1 
where x. and x. are variables with an upper 
and/or : lower'bound, or perhaps a fixed bound 
(i.e. a known zero or nonzero level); 
aij and bi are constants 
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v/ et distillate 
A-c 
oil 
oil 
Fig. 16. Flows of products in a refinery. 
r----1 e 
I I #’ 
I 
4 ! m 
Light fuel oil 
Heavy fuel oil 
Fig. 17. Costing channeZs of end products. 
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D 
A-crude 
which might be positive, negative or zero; 
qo 
is a (positive) known money amount; 
p. and p, are directly traceable money 
"ilues 02 the variable type, expressed per 
unit of the corresponding variable; they are 
positive, negative or zero. 
Having formulated a problem in this 
manner, the logic of a '&al simplex algo- 
rithm' is relatively easy to follow: To 
begin with, the x.-terms are eliminated 
from the value fuhction by applying the 
following substitutions 
xi = b. 
1 - 5 aijxi. 
This produces the value function 
f=Zd.x -r 
,7j 0 
wherz dj = p. - z a. ,p, 
’ 2 =I = r 
0 =qo 11 - f b.p. 
This means in effect that the directly 
traceable money values of x.'s are partly 
reaZLocated to x.‘s, and fo: the rest added 
to q . The x.'s 2 re chosen as 'cakuhtidn 
objehs'. In a'mathematical sense they com- 
prise a nonbasis, 
basis . 
whereas the xi's form the 
A bounding level is now chosen for each 
x,, to wit an upper bound when its d. is 
pasitive, and a lower bound when its'dj is 
negative or zero. The 'solution' (i.e. the 
set of levels of variables) thus obtained 
is called a 'basic' one, which is 'acceptable' 
as far as the value function is concerned, 
because it tends to maximize this function. 
In mathematical terms the solution is essen- 
tially 'a feasible one for the dual problem'. 
However, the 'primal ppoblem' of finding 
optimal levels for all variables is as yet 
unsolved: There will be ca,ses when the level 
of a basis variable, 
I 1 j LJ J L 
will prove to be infeasible,because it 
falls outside the bounding limits of this 
variable. 
The formulation of the value function and the 
constraints is now altered, by a process of 
'pivoting', which changes the sequential 
order of the variables: the x. whose infeasi- 
bility is the largest (apart $rom algebraic 
sign), in the sense that its level is far- 
thest below its lower bound or farthest 
above its upper bound, is given an index j, 
(1 < j 6 n), so that it qualifies for incor- 
poration in the nonbasis in exchange for a 
another variable, which is specially selected 
for incorporation in the basis. A practical 
method for selecting the latter variable is 
described in the numerical example of 
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section 5. The exchange of variables between 
basis and nonbasis continues, until in the 
end a formulation of the value function is 
obtained whose 'acceptable' solution (as far 
as the dj-values are concerned) proves to be 
'feasible' (as far as the x.-levels are con- 
cerned). Such a basic solution is an optimal 
one. There are no alternative optimal solu- 
tions unless one or more d.-values are zero, 
indicating that there are a ne or more 
alternative compositions of the value func- 
tion, corresponding with alternative optimal 
b.asic solutions. A so-called linear combina- 
tion of optimal basic solutions is an optimal 
'nonbasic solution'; there are in a nonbasic 
solution per definition less than n variables 
whose level coincides with a limiting bound. 
4.2. THE NOTATIONS IN A FLOW DIAGRAM. 
Let us now suppose that a linear program- 
ming model is not merely intended to deter- 
mine an optimal production schedule (within 
notional constraints); one wishes also to 
measure marginal surplus values, and/or 
the net money values of strains and bottle- 
necks and of alternative collections of 
main calculation objects (with a view to 
their costing or recompensing). These 
wishes call for special care in the notation 
of input data in the flow diagram. 
It is good practice to specify in the 
flow diagram, at which transfer points it 
is desired to establish marginal surplus 
values and their corresponding linking 
streams. With a view to decentralization, 
these transfer points should divide the 
production system into subsystems which are 
expected to verify for themselves,whether a 
particular reallocating structure reflects 
the position of the production schedule as 
a whole. To this end the flow diagram should 
show potential outflows of surplusses at the 
points of transfer. 
Essential is that the input values -i.e. 
the pi's and pj's in section 4.1 - as well 
as the various bounds and constraints, are 
associated with product flows of the parti- 
cular subsystem to which these input data 
apply. The reason for this precaution is that 
flow values and their corresponding linking 
streams are affected by the question, vhere 
costs and revenues occur, and wizere con- 
straints exist. The numerical example of 
section 5 gives an example of erroneous 
anotations in a flow diagram, which would 
produce correct optimal levelsof product 
streams, but erroneous flow values and net 
money values. 
The need for careful assignment of input 
values to model variables occurs also, when 
transfer values are used as input to sub- 
modeh for the specific purpose of formula- 
ting an internal accounting relation, for an 
indivisible subunit with more than one 
linking stream. An erroneous association is 
demonstrated in section 5. 
4.3. THE USE OF BOUNDS INSTEAD OF NONZERO 
RIGHT-BAND SIDES. 
When a scheduling model is formulated as 
described in section 4.1, with nonzero hi's 
in the right-hand sides of constraints, 
neither the initial transformations of the 
value function, nor the succeeding trans- 
formations leading to an optimal solution, 
can be interpreted directly as valid reallo- 
cations of money values, acceptable to finan- 
cial analysts. They cannot be so interpreted 
because (as already noted) the aggregate 
moneyvalues of x.'s are reallocated only 
partly to K'S, &hile the rest is added to 
901, 
which I ,J notaproduct stream atall; q. 
is instead a fixed expense, by definition 
irrelated to the variable levels of product 
flows being considered in a scheduling 
exercise. 
This undesirable anomaly is avoided,if all 
constraints are so formulated that their 
right-hand members are zero. This is always 
possible from an algebraic point of view. 
Consider for instance the following set of 
constraints: 
k 
Z aijxj 
j=l 
+ sl = bl 
s1 
2 0 
* 
xjL ’ xj ’ *’ 
* 
ID 
where x * and x. * 
ju IL 
are 
upper and lower bounds respectively, 
and where aij,# o, and 2 tk < -. 
These constraints can be replaced by 
k 
-z a..x. + Yl = 0 
j=l 11 I 
-m < YIGb 1 
* 
cx.<x. 
x 
xjL 3 1" 
where b 
1 
and x. 
ID 
* are upper bounds, 
and x. 
IL 
* are lower bounds. 
It is good practice to avoid also the use 
of so-called 'artificial variables', which 
are recommended from an algebraic point of 
view to obtain a starting basic solution to 
a linear programming model (18). Such 
artificials blow up the size of the model, 
particularly if computer routines are 
available (as there ought to be) allowing 
nonzero bounds, and directly traceable 
money values, for variables in the initial 
basis. Not to be avoided are the variables 
that represent potential surpluses at 
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points of transfer. They are 'artificial' in 
the algebraic sense of having a fixed zero- 
bound, but they are needed really to measure 
flow values. They are to be placed in the 
initial basis, like 'real slack variables' 
occurring in constraints of the type: 
k 
jZl 
a ,,x,+s =o 
117 i 
s., 0 
; 
with aij f 0, and 26k<m 
Such real slack variables s. as well as 
potential-surplus variables:'have the prop- 
erty that they lack directly traceable money- 
values. When moved into the nonbasis, neither 
of them can have a level other than zero, 
because they lack a nonzero bound. It is 
for this reason that the money value which 
they absorb in the nonbasis is effectively 
zero; this is as it ought to be, because 
nor,vecuous pro&7uct streams are considered 
the only possible bearers of money value. 
(N.B. In pivoting exercises I give a 
variable like s. an 'artificial upper bound' 
if it so happen; that its d.-value is posi- 
tive. Active artificial bou ds a in an end 
matrix would indicate that the optimization 
problem is 'unbounded'). 
When there is interest in flow values 
only, and not in a complete set of all 
flow values and net money values, there is 
FlO objection to the use of constraints with 
nonzero right-hand members. Such members 
arise in the 'balancing procedure' -discussed 
in section 2.4- as a result of compressing 
the end matrices of submodels. 
5. NUMERICAL EXAMPLE OF SCHEDULING AND 
SUBSEQUENT COSTING. 
Consider a production system with the 
following properties, as noted down in the 
flow diagram of figure 19: 
A blending plant serves to blend y units 
of one raw product with y2 units o & a second 
raw product, to produce y + y 
blended product. The quality 0 $ ut::?b;:n;ed 
product is acceptable only if y is less 
blending plan& is zestricted to'20 units 
than 30% of y + y . The capaci y of the 
of blended product, for which a market 
demand is expected between 18 and 22 units. 
The supply of y 
maximum attaina le 1? 
is unlimited, but the 
supply of yl is 15 uni.ts. 
There is no intention to amend the buffer 
stocks of raw and blended products. Sales 
netbacks within the relevant range are f 10 
(money units) per unit of product. IfariabZe 
costs are: f 1 blending costs per unit of 
blended product, and f 5 acquisition cost 
per unit of y2. The variable acquisition 
costs of y 
1 
are f 2 per unit, but there is a 
rebate of f 1 per unit on a contracted off- 
take of 5 units per accounting period. 
Organizationally there are 3 separate divi- 
sions; their Sized costs in the accounting 
period are: f 15 in the acquisition of yi, 
f 60 in blending, and f 35 in sales and 
distribution. 
The problem at hand is to formulate a model 
for the purposes of scheduling optimal levels 
of product streams, and of costing the optimal 
stream of end product. The 3 separate divi- 
sions are expected to be able to check for 
themselves, whether the results obtained from 
the model are based on logical reallocating 
structures. 
In view of this last requirement it is 
necessary to determine flow values and linking 
streams at the transfer points R and P in 
figure 19. Some of the further anotations in 
this flow diagram are incorrectly placed with 
respect to point R, however, so that the 
results obtained would be meaningless to 
financial analysts: the product stream yl, 
flowing away from point R to the blending 
unit, has neither a directly associable upper 
bound, nor a directly associable money value. 
This is correctly shown in figure 20. An 
additional variable y3 is introduced in this 
diagram, because it is the intention that 
reallocations of an algebraic nature are 
directly interpretable as reallocations i-n 
a financial sense. To this end the individual 
upper bound y 
the constrain i? 
\c 20 is introduced, instead of 
yl + y2 6 20. 
The next step in model building is to 
establish the degrees of freedom and the cor- 
responding number of 'structural' variables, 
i.e. variables to be placed in the initial 
nonbasis. There are 2 degrees of freedom in 
the acquisition, 2 in the blending and 1 in 
the sales division. This calls for 5 nonbasis 
variables. As there are 2 points of transfer 
between the divisions, the integral produc- 
tion system has 5 - 2 = 3 degrees of free- 
dom. A suitable algebraic formulation of the 
problem is shown in figure 21. 
I find it convenient to write this problem 
in restricted tableau form', by omitting the 
'identity matrix' (i.e. the coefficients of 
variables situated in the basis). As is 
customary, I attach the directly traceable 
value coefficients to all variables in the 
tableau, so that the reallocation of values 
can be checked with the so-called 'checking 
rule' (19). I attach also to each variable 
its bounds, by using the following notation: 
18122 attached to the variable z 
stands for: 1862 &22 
Finally, I record the solution corresponding 
with the tableau by underlining the active 
bound of variables in the nonbasis (e.g. 
1812J, and by adding a BS-column on the 
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‘Of 
-60f - 35f 
Fig. 19. Erroneous notation of the data. 
- ‘5f -60f -35f 
Fig. 20. Correct notation of the data. 
right-hand side; in this column I record the 
levels of basis variables that follow from 
the choice of active bounds for nonbasis 
variables. This gives the initial matrix of 
figure 22. 
The schedule of figure 22 is infeasible: 
the calculated levels of s and y are within 
the bounds that apply to these viriables, 
but the levels of r and p fall outside 
their bounds. The l&e1 of"p is the most 
infeasible; it falls 22 unit: below the lower 
bound (which happens to coincide with the 
upper bound, both being zero). I choose p 
as pivot row, and divide the value functign 
coefficients by the nonzero matrix elements 
in row p . This gives +l, +6 and +lO, for 
the colu$ns yl, y and z respectively. Had 
any of these quot?ents been negative, I would 
have ignored them, because the level of p 
was too Zow. As things stand, I choose thg 
column for which the quotient of appropriate 
algebraic sign is the smallest in absolute 
value. This column is yl, so that the 
matrix element (p , 
element for a matFix 
y ) can be taken as pivot 
4 ransformation in the 
usual manner: the variable p is moved to the 
nonbasis in exchange for y 
0 
1' 
My experience 
is that this algorithm can be applied in a 
very straightforward manner. Algorithms are 
not at issue in this paper, however. Suffice 
it that successive transformations of value 
function and constraints produce the end 
matrix of figure 23. 
The flow values per unit of flow prove to 
be -5f at point R, and -101 at point P. A 
corresponding set of linking streams must 
now be identified by moving both variables 
r and p from the nonbasis to the basis, in 
e%hangeOfor a variable that represents a 
supply or demand stream at points R and P 
respectively. There is in this example only 
one way in which this can be done, namely 
by choosing the pivots shown in figure 23. 
The linking streams are therefore ~1" : 15 
units, and z* Z 20 units. 
According to section 2.4 , the reallocating 
structure of figure 23 can be obtained from 
submodels,when transfer values and linking 
streams are used as input to these submodels. 
Let me demonstrate this point by dividing 
the initial matrix of figure 22 into its 3 
component parts. The variables ro and p. 
loose their bounds, and their corresponding 
rows become nonconstraining rows, facilita- 
ting the introduction of transfer values 
into divisional objective functions, which I 
shall name f . The f-row of figure 22 is 
carried in t e g submodels as just another 
nonconstraining row (like r - and p -rows, 
indispensible in balancinq grocedurgs for 
the purpose of linking submodels together). 
The submodels obtained in this manner are 
shown in figures 24 to 27. The end matrices 
indicate that: 
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Maximize: f = -_x 
1 
-2x* -5y* -y3 
+102 -11" 
subject to 
constraints: -X 
1 
--x = 2 +Yl 
0 
-Yl -Y2 
+z = 0 
-&Y1 +izy2 7 s 0 
-Yl 72 +y3 0 
: 
x1 5 
cl < x2 c 10 
bounds on 
Yl 
a 0 
individual 
variables Y2 3 0 
_m s 
Y3 
$ 20 
18 s_ z c 22 
Fig. 21. Correct aZgebraic forrm~Zation. 
0 010 r 
0 
0 o/o P” 
0 01-J s 
-1 -ml20 Y3 
-1 -2 0 -5 +10 
515 0110 !?I= 01" 18122 _ 
x1 x2 Yl Y2 z 
-1 -l 6 -1 +1 
_a ? 
10 +z 
-1 -1 
-1 -2 -1 -6 +10 
rh BS 
0 5 
0 -22 
0 0 
0 0 
110 105 
-1 -2 0 
515 _ 0110 - 
-:;g g;o 
010 
xl x2 P, rb 
BS 
0 Olm Yl -1 -1 0 15 
-5 Olm Y, +1 +1 -1 -1 0 5 
0 
+10 18122 z 
I 
-f +4 +3 +4 -5 -10 110 20 
-1 -1 +s +1 01 0 1 
-1 +1 0 20 
Fig. 23. End matrilc proving optimality of schedule. 
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+5 -mj+m r -1 -1 0 
0 
-f. +4 +3 15 35 
:lig. 24. initial/End ucquisition motriz. 
+10 _m 1 +m p, -1 -1 0 
0 Olm s -1 0120 
Y3 
-_p +g z -y:f 
-f. +4 t4 0 400 
Fig. 25. Initial bZeizdiizg vmtri.-;. 
0 -1 
15115 - 0 I20 - 
y1 
~3 rh BS 
0 -cu +m -f +5 -6 60 
+5 -cc f” I x0 +1 0 
+10 -cc 1 +m po -1 0 
0 O/m s -1 t-6 0 1 
0 ol- Y2 +1 -1 0 5 
-fO 0 +4 60 20 
F9.g. 26. End blendifig malris. 
+10 -03 I +m P, +1 0 
-fo 0 35 -35 
Fig. 27. InitiaZ/End sales matrix. 
5 
t + X2* = yl* 
y3 
* = z3 
The end matrices indicate also that the 
linking objects y ' and z* have a zero 
net money value. 1 n other words, the end 
matrices of the submodels show that ecor,omic 
equilibrium exists internally, and this 
proves the validity of the reallocating 
structure to the divisional controllers. 
Returning now to the flow diagram of 
figure 20 and its corresponding end matrix 
of figure 23, let us now proceed to produce 
a costing structure. There are 3 nonvacuous 
product flows in the nonbasis of figure 23, 
and we conclude that the schedu7Ye has 3 
degrees of freedom, like the system. 
There is, however, only one end product 
to be costed, so that 2 ancillary calcula- 
tion objects must be put forward. These 
must in any case be adjacent to a costing 
channel, corresponding to 
an inflow of raw material, say x0 
2' 
and the outflow z' of end product. 
It is evident from figure 20 
that this would make 
xl* an external ancillary object, 
and y 
2 
* and internal one. 
Figure 28 shows how the costing channel 
would run through the system, but matrix 
information j.s needed to prove the validity 
of this channel. 
To find this information, we proceed to 
transform the end matrix of figure 23 to 
the 'trial costing matrix' of figure 29, by 
moving 
the proposed main and 
ancillary calculation objects .z' and y " 
2 
to the nonbasis, which contains the 
ancillary calculation object x 
1* 
already. An analysis of the new matrix shows 
firstly that 
5* 
and y * 
3 
are now linking streams, 
which is as it should be: in fiqure 28 money 
values are to be passed onwards across the 
points R and P in the direction of z*. The 
matrix shows also that the variables x 
and y3 have negative algebraic signs i?' y1 
column z, which proves that an increase in 
the level of z causes increases in flow 
level all along the proposed costing channel. 
For these reasons the costing channel is 
valid. 
The accounting relation for the external 
object x 
1 
* is: 
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Fig. 28. Proposed costing channel of z*. 
-1 -5 -10 0 0 
515 215 20120 _ 010 O/O 
xl y2 z 
r 
po 
rh BS 
0 
-2 -=I+- x2 +1 +1 -1 '-1 -1 0 10 
0 _m +m 
‘tl 
+1 -1 -1 0 15 
0 -co +m / +1 _ % 
-1 -=(+=J y3 -1 2 : 2: 
-f +1 -3 i-7 -2 -3 110 20 
Fig. 2.9. Trial costing matrix for optimal schedule. 
x1* 1 
7 =-TX2 orx =-x 1 2 2 
x2 
The internal ancillary object y2* 
belongs to an indivisible subunit (to wit 
the blending unit) which has in figure 28 
only one linking object. There is no need 
therefore to extract this subunit from 
figure 29 for the purpose of formulating 
an accounting relation. An appropriate 
relation is: 
However, we are not allowed to add: 
(2x1 + 2x2 +2y2 -2~3) instead of 2ro, 
as suggested by row r o in figure 30. 
We should add instead: (2x 
1 
+ 2x 
2 
- 2Yl). 
This produces the decomposed costing matrix 
of figure 31. The blending unit on its own 
has the matrix shown in figure 32. 
Application of the general formula for 
internal accounting relations, as developed 
in section 3.3, gives: 
* 
y2 1 
y2 = 7 y3 
ory =-y 
2 4 3 
y3 
However, in order to show how submodels are 
extracted, and how an accounting relation 
is then formulated, we move in figure 29 
the linking objects x2 and y 
1 
into the 
nonbasis, while fixing their evels; this 
produces provisionally figure 30. We mustnow 
add the transfer values, which are (accord- 
ing to figure 29) 2 money units at point R 
and 3 at point P. We must also be sure that 
these transfer values are added to the 
product flows to which they apply directly. 
For this reason we are allowed to add to the 
value function of figure 30, as indicated by 
row p o: (3Y3 - 32) instead of 3po. 
* 
2 y2 1 
~2 =l.;yl or y2=ryl. 
y1 
N.B. this is equivalent to the firstrelation 
1 
Y2 =QYi' because yl + y2 = Y3. 
The two accounting relations that we have 
determined, 
for xl* and for y 2*' 
must now be added to the costing model of 
figure 29. To this end we rewrite these 
equations in terms of the nonbasis variables 
in figure 29, as follows: 
1 1 1 
+X 
1 
+3y2-5Z-~ro-3po=0 
1 1 y2 ---z 4 --p 4 0 =o 
Two ordinary matrix tranformations lead in 
this manner to the final costing matrix of 
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-1 -2 -5 -1 +10 
iI5 10 II0 - 515 20120 - 20120 - 
5 x2 y2 Y3 z 
rh BS 
0 -m,+m r -1 -1 -1 +1 0 0 
0 
0 -m I +m PO -1 +1 0 0 
0 -m +m +1 -1 0 15 
0 -co +m 1 I1 +1 3 - m 0 1 
-f -1 -2 -5 -1 +10 110 20 
Fig. 30. Provisiona matrix for extraction of bZending model. 
-1+2 -2+2 -5 -1 +10 
515 - 10 I10 A.5 - 20120 20120 - 
/ r. -yl -1’ -T2 +:3 
z rh BS 
0 -m +m 0 0 
+3 _m 1 +m 
po 
-1 +1 0 0 
o-2 -m +m 
I1 
+1 -1 0 15 
0 _m I +m +1 -% 0 1 
-f +1 0 -3 0 +7 110 20 
Pig. 31. Completed matrix for extraction of blending model. 
-f 1 -5+2 0 1 
Fig. 32. Blending model in isolation, 
Fig. 33. Costing matrix for optima2 schedule of figure 23. 
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figure 33. This matrix shows that the 
variable cost of z averages up to 
10 -$= f 3,50 per unit of product, to wit 
$x 1 = f 0,25 for x plus +x 2 = f I,00 
for x2, plus fx 5 ='; 1,25 for y plus 
1 x 1 = f 1,00 for blending. The ZArrespond- 
ing unit flow values at points R and P are 
f 1,667 and f 3,50 respectively. 
The reader will recall that the matrix 
coefficients of figure 33 can be used also 
for the reallocation of fixed costs 
associable with the productstreamsquoted in 
the basis. 
Thissimplistic numerical example served 
to illustrate the principles of reallocation. 
The method to be employed remains the same, 
regardless of the complexities of a produc- 
tion system. 
6. SUMMARY. 
An algebraic model might be acceptable for 
the purpose of scheduling optimal production 
levels, although its shadow prices are 
meaningless to financial analysts. 
For ease of financial analysis, the right- 
hand sides of the constraints in a model 
should be zero. Flows and objects chosen 
as bearers of bounds, and/or as initial 
bearers of costs or revenues, must be 
situated correctly with respect to the 
points where products are transferred at 
notional prices that are needed toestablish 
an intelligible accounting structure. 
At a point of transfer between two or more 
self-contained divisions, there can be only 
one division whose internal supply or demand 
stream acts as a transferrer of money value; 
this stream is called the linking stream. 
The unit value of this stream constitutes the 
transfer value or notional price already 
referred to. 
Financial analysts do not require that the 
moneyvaluesto be transferred or reallocated 
are proportional to the measures of the 
objects to which they are directly traceable. 
However, different valuations are 
made for different purposes, with different 
transfer values and different linking objects. 
The concept of linking objects leads to 
practicable techniques of decomposition. 
These allow separate divisions in a complex 
decentralized organization to make indepen- 
dent contributions to the design and/or the 
verification of accounting structures. It is 
essential from an organizational point of 
view that division heads have the means of 
verifying,whether a particular reallocation 
scheme reflects the position of the organi- 
zation as a whole -with respect to scheduling, 
costing or recompensing problems. 
In the interest of viability of the 
separate calculation objects in a costing or 
recompensing exercise, such objects must 
have for the onflow of money values at 
least one channel that runs all the way 
between a product acquisition market and a 
product disposal market. 
Appointments of by-products, by-objects, 
and/or ancillary calculation objects,may be 
necessary to make a costing or recompensing 
schemeconsistent with the degrees of freedom 
of a given production schedule. Each 
ancillary calculation object calls for an 
external or an internal accounting relation, 
which must be added to the model as an 
additional constraint. 
When an accounting relation is formulated 
between interdivisional supply and demand 
streams at a given transfer point between 
divsions, it is called an external accounting 
relation. In doing so, the divisions 
concerned are in effect no longer self- 
contained, and the ancillary calculation 
object can then be looked upon as an 
additional linking stream, which transfers 
money value onwards. 
An internal accounting relation should 
contain exclusively product streams belonging 
to the same indivisible self-contained 
subunit of the production system. 
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